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Weighted norm inequalities for Schrodinger type operators 

Lin Tang 



Abstract Let L = — A + L be a Schrodinger operator, where A is the Laplacian 
operator on R n , while nonnegative potential V belongs to the reverse Holder class. In this 
paper, we establish the weighted norm inequalities for some Schrodinger type operators, 
which include Riesz transforms and fractional integrals and their commutators. These 
results generalize substantially some well-known results. 



1. Introduction 

^ . In this paper, we consider the Schodinger differential operator 

ON 

O ■ L = -A + V(x) on R n , n > 3 

o 

ON ' where V(x) is a nonnegative potential satisfying certain reverse Holder class. 

We say a nonnegative locally L q integral function V(x) on R n is said to belong to 
Bg(l < q < oo) if there exists C > such that the reverse Holder inequality 

(j^TZXi I , V*(y)dy) ' 9 < C { f V(y)dy] (1.1) 



\\B(x,r)\ Jb{x,t) J \\B(x,r)\ J B (x,r) 

holds for every x G M n and < r < oo, where B(x,r) denotes the ball centered at x 
with radius r. In particular, if V is a nonnegative polynomial, then V G B^. It is worth 
pointing out that the B q class is that, if V G B q for some q > 1, then there exists e > 0, 
which depends only n and the constant C in (1.1), such that V G B q+e . Throughout this 
paper, we always assume that ^ V G B n / 2 . 

The study of Schrodinger operator L = —A + V recently attracted much at- 
tention; see [1, 2, 7, 8, 9, 18, 21]. Shen [18] considered LP estimates for Schrodinger 
type operators L with certain potentials which include Schrodinger Riesz transforms 
Rj = -^r-L~2 , j = 1, • • • ,n. Very recently, Bongioanni, etc, [1] proved L p (R n )(l < p < oo) 
boundedness for commutators of Riesz transforms associated with Schrodinger operator 
with BMOg(p) functions which include the class BMO function, and Bongioanni, etc, [2] 
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established the weighted boundedness for Riesz transforms and fractional integrals asso- 
ciated with Schrodinger operator with weight Aft® class which includes the Muckenhoupt 
weight class. Naturally, it will be a very interesting problem to ask whether we can estab- 
lish the weighted boundedness for commutators of some Schrodinger type operators with 
BMOg(p) functions and weight Aft 9 class. 

In this paper, we give a confirm answer. In order to answer question above, it seems 
that we can not adapt the methods from [1, 2], so we need to use some new thoughts 
to overcome this obstacle in this paper. In fact, we establish a new Fefferman-Stein 
inequality and weighted inequalities for new maximal operators. It is worth pointing out 
that our methods are more general than these in [1, 2], since we can consider more general 
Schrodinger type operators by using our methods. 

The paper is organized as follows. In Section 2, we give some notation and basic 
results, these basic results play a crucial role in this paper. In Section 3, we establish 
weighted norm inequalities for some Schrodinger type operators. In section 4, we es- 
tablished the weighted boundedness for commutators of Riesz transforms and fractional 
integrals associated with Schrodinger operators. 

Throughout this paper, we let C denote constants that are independent of the main 
parameters involved but whose value may differ from line to line. By A ~ B, we mean 
that there exists a constant C > 1 such that 1/C < A/B < C. 



2. Some notation and basic results 

We first recall some notation. Given B = B(x,r) and A > 0, we will write XB for 
the A-dilate ball, which is the ball with the same center x and with radius Ar. Similarly, 
Q(x,r) denotes the cube centered at x with the sidelength r (here and below only cubes 
with sides parallel to the coordinate axes are considered), and XQ(x, r) = Q(x, Ar). Given 
a Lebesgue measurable set E and a weight cu, \E\ will denote the Lebesgue measure of E 
and uj{E) = J e ujcIx. ||/||lp( w ) win denote (J Rn \f(y)\ p uj(y)dy) 1/p for < p < oo. 

The function my(i) is defined by 

p{x) =^)= s ^ { ■ ^ L, r) v{y)dy 

Obviously, < mv{x) < oo if V / 0. In particular, my(x) = 1 with V = 1 and 
my{x) ~ (1 + |x|) with V = \x\ 2 . 

Lemma 2.1([18]). There exists Iq > and Cq > lsuch that 

_L (i + \ x - y\m v (x)y l ° < ^44 <Co(l + \x- y\m v (x)) l " /{l " +1) . 
G mv\y) 

In particular, my(a?) ~ my(y) if \x — y\ < C jmy(x). 
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In this paper, we write ^e(B) = (1 + r/p(xo)) e , where 9 > 0, xq and r denotes the 
center and radius of B respectively. 

A weight will always mean a positive function which is locally integrable. As in [2], 
we say that a weight ui belongs to the class A^ 6 for 1 < p < oo, if there is a constant C 
such that for all ball B = B(x, r) 

p-i 

oj(y) dy )[——-- I u v-i(y)dy) < C. 



*e(B)\B\ J B 



,{v)dy ) (mbWiL^^ 1 ^^ 



o 6 

We also say that a nonnegative function ui satisfies the A p ' condition if there exists a 
constant C for all balls B 

M$(u)(x) < Cu(x), a.e. x G M n . 

where 

M£/(x) = sup — — - / \f(y)\dy. 
xeB v e {B)\B\ Jb 

Since ^e(B) > 1, obviously, A p C A p,e for 1 < p < oo, where A p denote the classical 
Muckenhoupt weights; see [10] and [13]. We will see that A p CC A^ 6 for 1 < p < oo in 
some cases. In fact, let 9 > and < 7 < 9, it is easy to check that oj(x) = (l+|x|)~(™ +7 ' ) 
Aoo = U P >i A p and uj(x)dx is not a doubling measure, but ui(x) = (1 + |:c|) _ (™ +7 ) G A p { 6 
provided that V = 1 and 9 e (B(x ,r)) = (1 + r) e . 

We remark that balls can be replaced by cubes in definitions of A^ e for p > 1 and 
M vfi , since V e {B) < V e (2B) < 2 e ^ e (B). When V = and 9 = 0, we denote M 0fi f(x) 
by Mf(x)( the standard Hardy-Littlewood maximal function). It is easy to see that 
1/0*01 — Myf(x) < Mf(x) for a.e. x G R n and > 0. For convenience, in the rest of this 
paper, fixed 9 > 0, we always assume that ^(.B) denotes ^e(B) and A£ denotes j4£' . 

Lemma 2.2. Zei 1 < p < oo ; i/ien 

(%> // 1 < Pi < P2 < 00, then A p pi C AP 2 . 

(ii) ui £ A p if and only if uj ~ € A p pl , where l/p+ 1/p' = 1. 
(Hi) If uj £ A p for 1 < p < oo, then 

1 f , / 1 /•,„,„,,, 



*(<2)I<3I V ' Vw(5«3)iQ 

where ui{E) = f E w(x)dx. In particular, let f = \E for any measurable set E C Q, 

IEI <c (^l) 1 " 



*(Q)\Q\ ~ W(5Q)7 
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Proof, (i) and (ii) can be easily obtained by the definition of A?. We only prove (iii). In 
fact, 

nmoi /« imdy = nkoi L v(y)\ J (y^hy)dy 

p — 1 



Thus, (iii) is proved. □ 
We also need the dyadic maximal operator My f(x) with < ij < oo defined by 

MvJ(x):= sup vfrmtini L\f( x )\ dx - 

x&Q(dyadic cube) *{Q) '\Q\ •> Q 

Let < rj < oo, the dyadic sharp maximal operator M Vr] f{x) is defined by 
M v f(x):= sup -L f \f(y)-f Q \dy+ sup ^ / \f\dy 

' xeQ,r<p(x )\Q\ JQ(x ,r) xeQ,r>p(x ) ^{Q) V \Q\ JQ(x ,r) 

~ sup inf — !— f \f(y) — C\dy+ sup ^ / |/|<£c 

xeQ,r<p(:ro) C IQI JQ(x ,r) xeQ,r>p(x ) y{Qr\Q\ JQ(x ,r) 

where Q' XQ s denote dyadic cubes Q(xo,r) and /q = Jq f(x)dx. 

A variant of dyadic maximal operator and dyadic sharp maximal operator 

= M^{\f\ 5 f'\x) 

and 

M^/(x) = M^(|/| 5 )^( x) , 

which will become the main tool in our scheme. 

Bongioanni, etc, [2] proved the following Lemma. 

Lemma 2.3. Ifu € A^ = U p >i A?, then there exists constants C > and 5\ > 0, 
such that for any Q = Q(xQ,r) C K ra with r < p(x ) such that for any measurable E C Q 
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Lemma 2.4. Let < rj < oo and f be a locally integrable function on R n , A > 0, 
and Oa = {x G M. n : My f(x) > A}. Then £l\ may be written as a disjoint union of 
dyadic cubes {Qj} with 



\<(^(Q 3 r\Q J \r i f \f( X )\dx, 



(ii) \Qj\- 1 / \f{x)\dx < 2 n (8nC ) (lo+2)6ri X, for each cube Qj = Qj(xj, rj ) with rj < 
p(xj). This has the immediate consequences: 

(Hi) \f(x)\ < A for a.e x G R n \ \Jj Qj 

(iv) |n A | < A" 1 / \f(x)\dx. 

The proof follows from the same argument of Lemma 1 in page 150 in [17]. 

By Lemmas 2.3 and 2.4, we establish the following weighted "good A" inequality. 

Theorem 2.1. Let uj 6 and < rj < oo. For a locally integrable function f, 
and for b and 7 positive 7 < b < bo = (8nCo)~^ 0+2 * >e,? , we have the following inequality 

u({x G R n : M$ v f(x) > \M y J(x) < 7 A}) < Ca s ^({x G R n : M$J(x) > b\}) (2.1) 

for all A > 0, where a = 2 n ^/(l — Co is defined in Lemma 2.1, C and 5\ are defined 
in Lemma 2.3. 

Proof. We may assume that the set {x : My f(x) > b\} has finite measure, otherwise 
the inequality (2.1) is obvious. From Lemma 2.4, then this set is the union of disjoint 
maximal cubes {Qj}. We let Q = Q(xo,r) denote one of these cubes. We consider two 
cases about sidelength r, that is, r < l/mv(xo) and r > l/my(xo). 

Case 1. When r < l/my(xo), let Q D Q be the parent of Q, by the maximality of Q 
we have |/|^ < bX^(Q) 1 ' < bX/b by Lemma 2.1. So far all x G Q for which My^f(x) > A, 

it follows that M^(f XQ )}(x) > A, and also that M^[(f - f~)xo\(x) > (1 - b/b )X. By 

the weak type (1,1) of My (see (iv) of Lemma 2.4), we have 

|{x € Q : m£„/(x) > t, M*,J(x) < 7 (}| < _ 1 J If - f~\ dx 



< 



(1 - b/b )t Jq 

\Ql 
-b/i 
2- 7 |Q| 



(1 - b/b )t x&Q y n J 1 ; 



< 



I-6/60' 

if the set in question is not empty. So 

\{x G Q : M$J(x) > X,My !T) f(x) < 7 A}| < a\Q\. 
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From this and by Lemma 2.3, in the case r < l/my(xo), we have 

u({x G Q : M^J(x) > A, M^/(x) < 7 A}) < Ca s ^(Q). (2.2) 
Case 2. When r > l/my(xo), note that 

bA < ttA i^i / l/(y)|dj/ < inf M vJ{x) < 7A, 

but 7 < b, hence, the set in question is empty. Thus (2.2) holds for any Q, and hence 
(2.1). The proof of Theorem 2.1 is complete. □ 
As a consequence of Theorem 2.1, we have the following result. 

Corollary 2.1. Let < p, 77, (5 < 00 and cj € A^. There exists a positive 
constant C such that 

[ M^f(x)Mx)dx < C [ M\ J{xfuj{x)dx. 

Let ip : (0, 00) — > (0, 00) be a doubling function. Then there exists a positive constant C 
such that 

supv9(A)a;({x G K n : M^J{x) > A}) < C su V ^{\)lo{{x G R n : m\J{x) > A}) 
A>0 " A>0 " 

for any smooth function f for which the left handside is finite. 

To establish weighted inequality for fractional integrals, we need introduce A p pq y We 
say that a weight oj belongs to the class A p ,s for 1 < p < 00 and 1 < q < 00. Let 
p' = p/(p — 1), if there is a constant C such that for any cube Q = Q(x, r) 

(mm J,™? *) / g M»)r* *) " * « 

Obviously, w 1/p G A p p p) «4> cj G A p p for 1 < p < 00. 

Next, let < (3 < n, we give a result about the operator Mp^ defined by 

Mp,M){*) = S^P ^zy-p/n J B \f(x)Hx)dx. 

In the rest of this section, we write M u) f(x) = Mo )UJ /(x). 

Lemma 2.5. Let < (3 < n,l < p < n//3 and 1/q = l/p - f3/n. If oj £ A^ , 
then ^ 

u({x G R n : Mp^f(x) > A}) < C , VA > 0, V/ G L». 

In particular, from (3.1) and using Marcinkiewicz interpolation theorem, then for 1 < p < 
n//3 and 1/q = l/p — f3/n so that 

<C||/|| 
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Proof. We set x £ E\ = {x G R n : Mp >u f(x) > A} with any A > 0, then, there exists a 
ball B x 3 x such that 

_ I _i_/ B J /WkW(i9 >A. (2.3) 

Thus, {B x } x€ e x covers E\. By Vitali lemma, there exists a class disjoint cubes {B x j} 
such that |J B x j C E\ C 1J 5.B X j and 

w(£a) <^w(5B^)- ( 2 - 4 ) 



From (2.3), we have 

\ Vp 

A< 



From this and by (2.4), note that p/q < 1, we get 

C 



= § / |/(y)|Mv)dv < § / |/(y)|Mv)<*V- 
A p V(j . b^- A p j R n 

Thus, Lemma 2.5 is proved. □ 
The fractional maximal operator Mpy is defined by 

M py f{x) = sup — — T [ \f(y)\ dy, 

xeQ (^(Q)IQI) 1 -^ JQ 

where < (3 < n, we let My denote Moy. 

From (iii) of Lemma 2.2, we know that for 1 < p < oo and 

My/Or) < C(M w (|/n(x)) 1 /f, x G r". 
From this and using Lemma 2.5, we can get the following result. 

Proposition 2.1. Let 1 < p < oo and suppose that u G A p p . If p < pi < oo, then 
the equality 

f \M v f{x)\ Pl u}{x)dx < C [ \f(x)\ Pl oj(x)dx. 
Further, let 1 < p < oo, u G A p if and only if 

oj({x G R" : M v f(x) > A}) < £- f \f{x)\^(x)dx. 

For the fractional maximal operator Mpy, we have: 

Proposition 2.2. Let < f3 < n, 1 < p < n//3 and l/q = l/p - (3/n. If cu G 

A p s, then 
(p,q)' 



1/9 

My)Ny ) 

{xm n : Mpyf(x)>\}) 



u(y)] q dy\ ' <j(Jjf(x)\ p u(x)dxy /P 
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Proof. Fix M > and let E x ,m = {M < M : Mpyf{x) > A}. For each x G E x ,m there 
is a cube Q 3 x such that 

Of(Q)IQI)-- 1 / l/(j/)|dy>A. (2.5) 

JQ 

Pick a sequence {Qfc} of these cubes such that £a,m C U Qfc and no point of R n is in more 
than L of these cubes where L depends only on n (see [14]). Note that p/q < 1, by (2.5), 
we then have 

^Ju(xWdxJ /q < (]T jf Jw(x)]^ P/9 <X;(^Jw(x)] 9 dx) , ' /9 



< c£ (7 [u(x)]«dx) P/q \- p {*{Q k )\Qk\) 1 - p ~ p/q 
I \JQk / 

x(7 |/(sMs)|W)(7 [^(x)]-f'dx) P/P 
<CX-pJ2[ \f(xMx)\ p dx 

k Q k 

- p I \f(xM= 



< C\-p / |/(x)a;(x)| p dx. 

Using the monotone convergence theorem, we can obtain the desired result. □ 
Next we will establish the weighted strong type (p, q) for a variant maximal operator 
My fl for < i] < oo as follows 

Mfi, v ,r,f(x) = sup — - [ \ f(y)\ dy. 

*£Q (*(Q))^(*(Q)|Q|) 1 -» J Q 

Theorem 2.2. Let < (3 < n, 1 < p < n/fi, 1/p + 1/p' = 1 and l/q = 1/p - /3/n. 
If lj G -^(pq) an d V — 0- ~~ f3/n)p' jq, then there exists a constant C > such that 

\\ M /3,V, v f\\Li{uji) < C||/||lp(o;p)- 

Proof. We shall adapt an argument in [12]. Note that w G G -^l+g/p" where 

p' = p/(p — 1). Let 7 = 1 + q/p', 7' = 7/(7 — 1) and ^ = aA Set <r = is~-t-i, then cr G Ay. 
Let / G L p (co p ), for any fe G Z, taking any compact set ^ C {x G M n : 2 k < Mpy tV f{x) < 
2 k+1 }, for any x G K k , 3Q X 3 £ such that 

2 " +1 " ^(QxJ^^CQxJIQxl) 1 -^ 4 fiv)ldy > 

We take finite cover {Q k } from the cover {Q x }xeK k of -fTfc. Write 

E k = Q k f)K k , E k = (Q k -[jQ k )f]K k , j > 1, 
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then {E*} is a disjoint collection on j for fixed k, and K k = |Jj Ej, we then get 
f \Mp, Vir) f\Wx<Cj22 kq "(E*) 



k,j 

\f(y)\dy 



1 ^VW*))"^-)!^-!) 1 "^/ 

l r V 



yaibQ)) 1 -! 3 ^ Jq* 
Define the measure \i on Z x Z + by 

/': (k,j)^^ k>j = u(E^)l 



Write 

r(A) = {(fc,i): 



G(A) = UW? : (fc,j)€r(A)}. 



Since f G AS,, then 



f <x(5Q) V ( u(5Q) V 
TU(Q)|Q|J U(Q)|Q|J - 



Note that 7 = (1 — (3/n)q and rj > (1 — f3/n)p' /q, we then obtain 



< Cv(E 

< Cv(Ef) inf M v {v~ x x Q ^V\x) 

<C f MJu^xo^V \x)u(x)dx. 
J E k 

Since M v is bounded on L 7 ' (v) by Lemma 2.5, we have 

(fcj)er(A) (fcj)er(A) ^ 

< C [ u 1 -^'dx = a{G{\)). 
Jg(x) 
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Note that 

G(A) C {x G R" : (M^Cfa- 1 ))^) > A}, 

so 

<r(G(A)) < cr({x G K ra : (M^/OHx) > A}). 
Hence, by Lemma 2.5, the right side of (2.6) equal to 

roo roo 

I u.(F(\))d\ < C / <j(G(\)d\ 
o jo 

roo 

< C / o{{x G R n : (M^/a" 1 ))*^) > \})d\ 
Jo 

= C ( (M^{fa' l )fadx 

Jm. n 

<c([ |/|V-^*Y P 

|/w| p cfe . 
/ 



= G 

Thus, 



\ 1/9 / r \ 1 /p 

{MwnfiWdx) <C( |/|Vi 



Theorem 2.2 is proved. □ 
We next recall some basic definitions and facts about Orlicz spaces, referring to [16] 

for a complete account. 

A function B(t) : [0, oo) — > [0, oo) is called a Young function if it is continuous, 

convex, increasing and satisfies $(0) = and B — > oo as t — > oo. If B is a Young function, 

we define the I?-average of a function / over a cube Q by means of the following Luxemberg 

norm: 



The generalized Holder's inequality 

holds, where B is the complementary Young function associated to B. And we define the 
corresponding maximal function 

M B f(x) = sup ||/|| b ,q 

Q:xeQ 

and for < rj < oo and < j3 < n 

Ms^Hx) = sup *(0)-"(*(Q)|Q|) /, / B ||/|| B> o. 

Q-.xeQ 

In particular, if (3 = 0, we denote MBfi,v,r)f(x) by MB,v ;V f(x)- 

The in example that we are going to use is Bit) = t(l + log + t) with the maximal 
function denoted by Mu og L. The complementary Young function is given by B(t) ~ e* 
with the corresponding maximal function denoted by M exp L. 
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3. Weighted norm inequalities for Schrodinger type operators 

We first consider a class Schrodinger type operators such as V(— A + F) _1 V, V(— A + 
V)- 1 / 2 , (-A+F)-V2v with V G B n , (-A+ V)*t with 7 G R and V G B n/2 , and V 2 (-A + 
with V is a nonnegative polynomial, are standard C alder on- Zygmund operators, in 
particular, the kernels K of operators above all satisfy the following conditions for some 
5 > and any / G N = Nlj{0}, 

C 1 

and 



|K(x+h, y)-fc(x, y)|+|K(x, y)| < 



(1 + |x — y| (mv(x) + mv(y))) 1 \x — y\ n+s o ' 

(3.2) 

whenever x,y,h G M™, and |/i| < \x — y\/2, and my(x) is defined in Section 2. 

Theorem 3.1. Let T denote the operators above. Let 1 < p < 00 and suppose 
that uj £ A?. Then 



\Tf{x)\ p u{x)dx < C / \f(x)\ p to(x)dx. 
Further, suppose that w£i(, T/ien, there exists a constant C such that for all A > 
oj({x G M n : Tf(x) > A}) < ^ / |/(x)|a;(x)dx. 

We remark that the weighted boundedness of Vf-A+F)" 1 / 2 , (- A+y)" 1 / 2 V with F G i? n 
is proved in [2]. We can prove Theorem 3.1 by using the similar proof of Theorems 3.4 
below. We omit the details here. 

Next we give a result of maximal Schrodinger type operators. 

Theorem 3.2. Let < p, 77 < 00 and suppose that 00 G A^. Then 
f \T*f(x)\Mx)dx < C p , v f \M v , n f(x)\Vuj{x)dx 

JVJ 1 JVJ 1 

and 

supAw({x G R n : T*f(x) > A}) < <7supAw({x G M n : M VjV f(x) > A}), 

A>0 A>0 



where the maximal operator T* defined by 



T*f(x) :=sup|T e /(ar)| = sup 

e>0 e>0 



>\y-x\>e 

To prove theorem 3.2, we need the following lemma. 



/ K(x,y)f(y)dy 

J\y-x\>e 
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Lemma 3.1. For any a ball B = B(xQ,r), if r > l/my(xo), then the ball B can 
be decomposed into finite disjoint cubes {Qi}i=i, m such that B C [J™ Qi C 2^/riB and 
fi/2 < l/my(x) < I^JnC^ri for some x G Qi = Q(xi,ri), where Co is same as Lemma 
2.1. 

Proof. In fact, let Q be a cube with center at xq and sidelength 2r. Obviously, B C 
Q C 2y / n£>. If there exist a point x G Q such that 2r/2 < l/my(x), by Lemma 2.1 
and r > l/my(xo), we then know that l/my(x) < 2y / nCo2r, thus Q will be satisfied. 
Otherwise, we split Q into 2™ disjoint cubes Oj with sidelength r. If satisfies r/2 < 
\/my{x) < 2y / nCor for some x £ Qi, we keep it, otherwise, we continuous split Qi as 
above. From Lemma 2.1, we know that l/m(x) > {\ + 2r^/n/my(xQ))~ lo /(CQrny{xo)) for 
all x G Q. Therefore, the splitting steps must be finite. Thus, we can obtain finite disjoint 
cubes Qi such that Q = U£Li an d < l/mv(x) < 2Corj for some x G Qi = Q(xj,rj). 
Obviously, these cubes Q^s are just what we need. Thus, Lemma 3.1 is proved. □ 

Proof of Theorem 3.2. The set fi = {x G R n : T*f(x) > t} is open. Therefore 
we can decompose it as a disjoint union Q = {JQj of Whitney cubes: they are mutually 
disjoint and 2 diam{Qj) < dist(Qj,£l c ) < 8 diam(Qj). Moreover, the family 4Qj is almost 
disjoint with constant 4 n , and obviously AQj C fi. 

To prove Theorem 3.2, we only need to show that 

u({x G M? 1 : T*f(x) > (1 + p)t and M v , n f(x) < jt}) < au({x G R n : T*f(x) > t}) (3.3) 

for all t > and a < (1 + P)' 1 '?. 

Let Qj = Q(xj,rj), we set £i = {j : rj < l/my(xj)} and E2 = {j : rj > 
l/my(xj)}. From the proof of Lemma 3.1, we know that for any j G E2, the cube 
C/j can be decomposed into finite disjoint cubes {Qj}j=i such that Qj = Ui=i Q } an< ^ 
r^i / 2 < l/my(x) < 2^/nC^rji for some x G Q*-. We are going to show that, given j3 > 
and < a < 1, there exists 7 = j(/3, a, n) such that for all j G £1 

\{x G Qj : T*/(x) > (1 + 0)t and My^f(x) < jt}\ < 4 n a\Qj\ 

and j G E 2 and Qj = (Ji=i Qj such that 

|{x G Qj- : T*/(x) > (1 + p)t and My„f{x) < -ft}\ < A n a\Q)\ 

From these and using Lemma 3.1 with qo = (20nCo) <7()+2 * )a , we have 

w({x G Qj : T*/(x) > (1 + P)t and My :V f{x) < -ft}) < Ca 5l u(Qj), j G £1 (3.4) 

and j G £ 2 and Qj = |Ji=i Qj such that 

u{{x G Q* : T*f(x) > (1 + and My, n f{x) < ^t}) < Ca Sl oj(Q)). (3.5) 

Summing over j and i, we get 

w({x G R n : T*/(x) > (1 + /3)t and M VjV f(x) < -ft}) < Ca Sl uj{Q). 
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a — l— — 

Choose a so that Ca 1 < (1 + /?) p, we would finally obtain (3.5). 

It remains to prove (3.4) and (3.5). We first consider the term (3.4). Fix j and set 
Q = Qj = Q{xo,r). Assume that there exists x G Q so that My^f(x) < jt(if not, the set 
appearing in (3.4) would be empty). Let z e Q c such that dist(z,Q) = dist(Q,Q c ). Note 
that 

QcP = Q(x, -r) c4QcQ z = Q(z, 18r). 

Set /i = /xQz an d f2 = f — fi- Note that r < l/m\/(xo) implies ^(Qz) ~ 1) f° r x G Q, 
we then have 

|T e /i(s)|<|T e (/xp)(*)| + ^ / |/(y)|dy 

r n Jq z 

< \T*(fxp)(x)\ + CM VtV f(x) 
<\T*(fxpKx)\ + C 7 t. 

Hence, 

\TJ{x)\ < \TJ 2 (x)\ + \T*(f XP )(x)\ + Ct*. 
By direction computation, we obtain 

\T £ f 2 (x)-TJ 2 (z)\<CM v ^f(x) 

and 

\TJ 2 (z)\ < T*f(z) < t. 

Then 

T*f(x)<T*(f X p)(x) + (l + C 7 )t, xGQ. 
Take 7 so that 2C7 < /3, we then have 

{x G Qj : T*f(x) > (1 + 0)/ and M v , v f(x) < 7 i} C {x G Q : T*(/ XP )(x) > ^t}. 



By the weak type (1,1) of T*, we get 



# I4QIV4Q 
< ^W,„/(x) 

<^l<a|g|, 

if 7 is chosen small enough so that C/? _1 7 < a. 

Finally, we consider the term (3.5). Similar to (4.6), fix j,i and set Q = Q l j and 
r = l(Q). Assume that there exists x G Q so that My^f(x) < jt. Note that 

QcP = Q(x, -r) C 4Q c Q s = Q(x, 18r). 
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Set /i = /xq_ and f 2 = f - fi- Then for x G Q, we have 

\TJ 1 (x)\<\T e (f XP )(x)\ + ^ / \f(y)\dy 
<\T*(f X p)(x)\ + CMv !V f(x) 
<\T*(f X p)(x)\ + C 7 t, 

so 

\TJ(x)\ < \TJ 2 (x)\ + \T*(f XP )(x)\ + C 7 t. 
By direction computation, we obtain 

\TJ 2 (x)\ < CM v , r J(x). 

Then 

T*f(x)<T*(fxp)(x) + C 7 t, xGQ. 

The rest proof is similar to that of (3.4), we omit the details. Thus, Theorem 3.2 is proved. 
□ 

Next we consider another class V G B q for n/2 < q for Riesz transforms associated 
to Schrodinger operators. Let T x = (-A + V^V, T 2 = (-A + V)- X I 2 V X I 2 and T?> = 
(-A + V)- 1 / 2 ^. 

Theorem 3.3. Suppose V G B q and q > n/2. Then 
(i) If q' < p < oo and uj G A? /ql , 

\\Tif\\ L r H < C||/|| LJ , H ; 
(ii) If (2q)' < p < oo anduj G ^/( 2? y> 

II 7 2/||lp( W ) < c||/IIlp(o)); 

(Hi) If p'q < p < oo and a; € ; where 1/po = 1/q — 1/n and n/2 < q < n, 

l|T 3 /|| LPH <C||/|| LPH . 

Let T* = V(-A + V)- X ,T* = V x / 2 {-A + V)" 1 / 2 and T 3 * = V(-A + V)- 1 / 2 . By duality 
we can easily get the following results. 

Corollary 3.1. Suppose V G B q and q > n/2. Then 
(i) Ifl<p<q and G A p pl/ql , 

\\ T lf\\LP(w) < C||/l|LF(a;); 
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(ii) Ifl<p<2q and cu p-i G 4£//( 2g )'> 

\\ T 2f\\Lp(oj) < C\\f\\ LP ^y, 

(Hi) If 1 < p < po and uj~~ G ^p'/ p ' > where 1/po = 1/q— 1/n and n/2 < q < n, 

\\nf\\ LP{ul) < c\\f\\ LP(lJ) . 

We remark that the weighted L p (oj) boundedness of T3, T 3 * is proved in [2]. 
To prove Theorem 3.3, we need the following result. 

Lemma 3.2. Let q,po be same as in Theorem 3.3. There exist constants Cn > 
5 > and si, s 2 , S3 such that si > q, s 2 > 2q, S3 > po, such that, for V r > 0, x, Xo £ K T 
mi/i |x — xo| < r, i/ien 

\ OO 



|K(x,y)-K(x ,y)| s ^y) <]T ? 



^f rYi U*r<|y-* |<2*+ir l " v "' 1 '' " v " u ' "V " 2^(1 + m v (x )2*r)^ ' 

where Ki denotes the kernels of Ti defined as above, i = 1,2,3, and 1/s- + 1/sj = 1 for 
i = 1,2,3. 

Lemma 3.2 is essentially proved in [9]. 

Proof of Theorem 3.3. For convenience, Let T denote these operators Ti,T 2 ,T3, 
K, s denote the kernel Ki of T« and for z = 1, 2, 3 respectively. From Corollary 2.1 and 
Proposition 2.1, and note that for any rj > 0, |/(x)| < Myf(x), a.e. x G R n , we need only 
to show that 

M£(T/)(x) < Cil4 /s (|/n(x), a.e x G R n , (3.6) 

holds for any f(x) G Cg°(]R n ). 

We fix x G R n and let x G Q = Q(xo, r) (dyadic cube). Decompose f = f\ + / 2 , 
where /i = /xq> where Q = Q(x,8^/nr). Let Cq a constant to be fixed along the proof. 

To prove (3.3), we consider two cases about r, that is, r < p(xo) an d r > p(xq). 

Case 1. when r < p(xq). We then have 

= 1 + 11. 

To deal with /, note that my(x) ~ my(xo) for any x G Q and *(0) ~ 1, by L s (M n ) 
boundedness of T (see [18]), we then have 

c (wJ Q lTmi ' d ^ 



i< 

< 
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where 1/s' + 1/s = 1. 

Finally, for II we first fix the value of Cq by taking Cq = (T(/2))q, the average of 
T(/ 2 ) on Q. Let Qk = Q(xo,2 k+1 r). By Lemmas 2.1 and 3.2, we then have 



IK ° 



- \n\2 



f [ [ _\K(y,u)-K(z,u)\\f(u;)\dudzdy 
\Q\ Z Jq JqJr™\q 

C 



<-—[[[ \K(y,u)-K(z,io)\\f(u;)\dwdzdy 

\Q\ Z JQ JQj\x -u\>l&r 

— ffrf 

\Q\ 2 JQ JQ ^ 2 J2 k r<\x -u\<2 k +h 



^1^2 //E/, > \K(y, U )-K(z,u)\\f( U )\dudzdy 

\Q\ JQ JQ ^J2 k r<\x n -w\<2 k + l r 



(3.8) 



£ °» § 2H (1 + „4 0)2tr) « (1 I/Ml**-) S c„M v -(|/r)V- W , 

where iV = (Z + 1)6*77. 

Case 2. when r > p(xo). We then have 

*WQ\ L |T/(y)l dV ~ M /g |T(/l)(y)l * + M /q ' T(/2)(y)l dV 

:=h+Ih. 

To deal with I\, by L s (M n ) boundedness of T again, we then have 

i r \ 1/s 



sc («^15[/ I«»)I-*) I/ 'soj^M/|')(x). 



(3.9) 



For II, by Lemma 2.1, we then have 

II < 7^ / / _\k(y, U )\\f{u)\dLjdy 
\Q\ JqJm"\q 

IVl ./|so-u>|>16r 

^ / E /\ t , l%^)ll/Hl^y 



(3.10) 



'DO 



^ 2 {l + m v {xQ)2"r) N \Q k \\jQ k J 

where TV = (l + 1)077 + 1. 

From (3.7)-(3.10), we get (3.6). Hence the proof is finished. □ 
Finally, we establish some weighted inequalities for fractional integrals associated 

with Schrodinger operators defined by 

Xpf(x) = L-^ 2 f(x) = [°° e~ tL f{x)t^ 2 ~ l dt = [ k p {x, y)f(y)dy for < /3 < n. 

Jo Jw n 
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Using Proposition 2.4 in [8], we can get the following result for the fractional integral 
associated with Schrodinger operator. 

Lemma 3.3. IfV€ B q (R n ), q > n/2 and < /3 < n, kp denotes the kernel of the 
fractional integral Ip as above, then there exists So = So (q) > such that for every I > 
there is a constant Ci so that 

|/C/?(X ' y)l " (l + \x- y\(m v (x) + m v (y))y \x - y\*-P 

and 

ii/ j \ , / \ i Q \h\ So 

\kp(x + h,y) - kp(x,y)\ < 



(1 + \x - y\(m v (x) + m v (y)) 1 \x - y \n-P+8 ' 
whenever x,y,h £ R n and \h\ < \x — y\/2. 

Theorem 3.4. Let < /3 < n, 1 < p < fi/n and l/q = l/p- f3/n. If u> € A ( pq )> 

then 

r \ 1/9 / r \ i/p 

/ \I p f{x)\^(x)Hx) <C[ \f(x)\Mx) P dx) . 

Further, suppose that fi = uj q G A p x with q = nj(n — ji). Then, there exists a constant C 
such that for all A > 

V({x G R n : \Ipf{x)\ > A}) 1 /* < ^ / \f{x)\u(x)dx. 

Theorem 3.4 is proved in [2]. Here we give another proof. We will see that Theorem 3.4 
follows from Proposition 2.2, Theorem 2.2 and Theorem 3.5 below. It is worth pointing 
out that Theorem 3.5 has own interesting. 

Theorem 3.5. Let < q,r] < oo and suppose that uj 6 A^, then 
f \If}f(x)\*U>(x)dx < C [ \Mf)y tV f{x)\«u>(x)dx 

and 

supA 9 w({x G R n : \Ipf{x)\ > A}) < CsupX q uj({x G R n : Mpy^f{x) > A}), 
A>0 A>0 

Proof. To prove Theorem 3.3, from Corollary 2.1 and Theorem 2.2, we need only to show 
that for any < rj < oo and < S < rj/(r] + 1) such that 

Ml v W)(x) < CM p , ViV (f)(x)), a.e x G R n , (3.11) 

Fix x G M. n and let x G Q = Q(xq, r) (dyadic cube). Decompose f = fi + /2, where 
h = fXQ, where Q = Q(x, 8^/nr). 

To prove (3.11), we consider two cases about r, that is, r < l/my(xo) and r > 
l/m v (xo). 
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Case 1. when r < p(xo). Let Cq = \{Ipf2)o,\- Since < 5 < 1, we then have 
L J \\Ipf(y)\ s - C S Q \ d y y S < (± J W{y) \ - \(Ipf 2 ) Q \\ s dy^ 



<(^f Q \Ipf(y)-(W Q \ S dy} 

+c (w\Iq lWv) " {Iph)Q ^ dv ) 1 



=i+n. 

For I, we recall that Ip is weak type (l,n/(n — /?)). Note that my(x) ~ my(x$) for any 
x e Q and *(Q) ~ 1, by Kolmogorov's inequality(see[15]), we then have 



C 

\Q\ ] 

^\n^Io my)ldy - CM ^ f{x) - 



(3.12) 



For II, let Qfc = Q(xq, 2 k+l r) and a = rj + 1. By Lemma 3.3, we then have 

u <r^j mh)(y)-(W2))Q\dy 

-"itLI f f _\kp(y,u)-kp(z,u)\\f(u))\dwdzdy 
\Q\ Z JqJqJr"\q 

— 17^72 / / / \kp(y,u)-kp(z,uj)\f(uj)\dwdzdy 

\Q\ Z JQjQJ\x -u\>2r 

- im I I £ / t , , tJ ., \kp(y,u)-kp(z,uj)\\f(uj)\dwdzdy 

\Q\ JQ JQ t~,J2 k r<\x -u)\<2 k + 1 r 



' k=4 

~ Q g (l + 2W*o))'(2*+ir)« 4 l/H|dW 

" (l + 2 fc rmy(x ))' (l + 2 fe rmy(Q fc ))« e |Q fc | 1 -/ 3 /«iQ 

^ 2- fc (l + 2 fc rmy(x )) a ( ; o+ 1 ) e 1 /■ 

" ^ (l + 2*rmv(x ))' (1 + 2^rm v (Q k ))^\Q k \ 1 -^ Jo " 



fc=i 

oo 



(1 + 2 fc rmy(x )) / (1 + 2 fc rmy(Q fc )) ae |Q fe | 1 -/ 3 /™ i Qfe 

< Q ]T 2- fe M /3) y,(/)(x) < CiMpy >v (f)(x), 
k=l 

(3.13) 

if taking / = 6{Iq + l)a. 
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Case 2. When r > p(xo), note that a\ := rj/S > n + 1, we have 



1/8 

C / 1 f 

+ ^\w\L VMv)Uy ) 
h+ih. 



For Ii, similar to /, we have 

C 1 



< CM^fix). 
Finally, for II±, by Lemma 3.3, we then have 

\Q\ Jq 

-Tn\ / _\kp(y,uj)\\f(Lj)\dujdy 
\Q\ JqJr^\q 

< tSt / / \k^(y,u)\f(u)\dwdy 

\Q\ JQ J\x -Lu\>2r 

C f 00 f 

IVl JQ^ 2 J2 k r<\x Q -Lo\<2 k + 1 r 

°° 1 f 

" ^ £ (l + 2*rmv(xo))'|Q fc | 1 -^ 1 '^'^ 

^ (l+2 fc rm y (Q fc ))^ 1 y 

" (l + 2*rmv(x )) i (l + ^rmyW^Mftl^io, 1 "" " 

< r v (l + 2W(^o)) e(fo+1)Ql 1 A , 

- °' 2_, (1 + 2"™,^))' (1 + 2«rm v {Q k ))^\Q k \^ J Qk U W|0W 

oo 

< C, 2 2- fe M^(/)(x) < CiM /3 y tV (f)(x), 



k=l 



if taking / = ai(Z + 1)0 + 1. 

From (3.12)-(3.14), we get (3.11). Hence the proof is finished. 

4. Commutators for Shrodinger type operators 

Bongioanni, etc, [1] introduce a new space BMOg(p) defined by 

\\f\\BMO e (p) = sup 1 f \f(x) - f B \dx < oo, 



(3.14) 



□ 
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where /b = pj[ $ B f(v) d y and *( B ) = i 1 + r /p(xo)) 9 , B = B(x ,r) and 9 > 0. 
Bongioanni, etc, [1] proved the following result for BMOe(p). 

Proposition 4.1. Let 9 > and 1 < s < oo. If b G BMO e (p), then 

/or aZZ i? = B(x,r), with x G R ra and r > 0, where 9' = (Zo + 1)0 and Co is defined in 
Lemma 2.1 and c is a constant depending only on n. 

Obviously, the classical BMO is properly contained in BMOg(p); more examples 
see [1]. For convenience, we let BMO(p) denote BMOg(p). 

Proposition 4.2. If f G BMO(p), then there exist positive constant c\ and C2 
such that for every ball B and every A > 0, we have 

\{x G B : |/0r) - / B | > A}| < Cl |£| exp {-— ^ } , 

w/iere f B = faf B f(y)dy and = (1 + r/p^o)) 9 ', B = B(x ,r) and 0' = (Z + 1)0. 

Proof. We adapt the same argument of pages 145-146 in [20]. We first assume ||/||_bmo(p) 
H?0i(B) = 1. We apply Chebysheff's inequality and Proposition 4.1, we obtain 

\{x G B : |/(x) - / B | > A} | < (cC ^) s A- s |B| 

for < A < oo, 1 < s < oo. 

If A > 2cC$, we take s = X/(2cC^) > 1. Then 

\{x G B : - / B | > A} | < {l/2) s \B\ = e~ c ^\B\ 

where ci = {2cC®)~ 1 In 2. However, if A < 2cC^, then e" ClA > e - Cl2 ( cC o) = 1/2, and 

|{zG£: \f(x)-f B \ > A} | <2e- clA |5| 

in that range of A. Altogether then, if we drop the normalization on / by replacing 
/ by f /{\\f\\BMO(p)^8'(B)), we can obtain the conclusion by taking c\ = 2 and C2 = 
(2cC e )- 1 ln2. □ 
As a consequence of Proposition 4.2, we can then obtain the following result, which 
is equivalent to Proposition 4.1. 

Proposition 4.3. Suppose that f is in BMO(p). There exist positive constants 
7 and C such that 

sup TrT / exp l liTii 7 v& rm l/(x) " /bI \ dx ^ c - 

B \B\Jb {\\j\\BMO{ P )Ve>{B) J 
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Proof. We choose 7 = C2/2, where c 2 is a constant in Proposition 4.2. We then have 

L exp {m B Mol^W flx) - M } dx 



< |B| + jT I {* E B : |/(x) - M > '^mSMmMSl j I dt 

, , f°° f c 2 logfl , 
<|B|+ci|S|y exp| — — — j dt 

< C|B|. 

Thus, the proof is complete. □ 
We first consider commutators of fractional integrals associated with Schodinger 
operators. 

Theorem 4.1. Let b G BMO(p), < /3 < n, 1 <p < n/fi and l/q = l/p - f}/n. 
If oj € vl^ p ^ , then there exists a constant C such that 

QT n I fo, 6]/(x)|^(x)^x) < C\\h\\ BMO{p) w(x)Pdx) ^ . 

The weighted weak-type endpoint estimate for the commutator is the following. 

Theorem 4.2. Lei 6 G BMO(p), < /3 < n, 1 <p < n//3 and l/q = l/p - fi/n. 
LetB{t) = *log(e + t), A(t) = [tlog(e + and 6(t) = t 1 "^™ log(e + r^"). // 

w G x4^, i/ien /or any A > 



G R» : \[Ip,b]m\ > A}) < CA (l n B ^ HBMO{ x p)lKx) ^ G(u(x))dx 



To prove Theorems 4.1 and 4.2, we need a few of Lemmas which can be of independent 
interest. 

Lemma 4.1. Let < /3 < n, < n < 00 and M Vrj j 2 f be locally integral. Then 
there exist positive constants C\ and C 2 independent of f and x such that 

dMpy^M^n+ifix) < M Llog W)J7+1 /(x) < C 2 M PiVtV/2 M VtV/2 f(x). 

Proof. We first prove M L i ogLj ^ VjV+1 f(x) < CM j3Vri / 2 M Vri i 2 f(x). It suffices to show 
that for any cube Q 3 x, there is a constant C > such that 

*(Q)-"- 1 (*(Q)|Q|) /9/n ||/||LiogL > Q < C*(Q)-^ 2 (*(Q)|Q|)^- 1 / M VjV/2 f(y)dy. 
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That is, 

11/IUiogL.Q < CnQT'^Qr 1 I M v , )/2 f{y)dy. (4.3) 

J Q 

In fact, by homogeneity we can take / with || / 1| l log l,q = 1 which implies 
1< ^-J Q \f(y)\(l + log + (\f(y)\))dy 

c /■,„,,, r\f(y)\+ e dt , 
<W\TI l/(v)I^T + VT\T I \fx Q (y)\dy^ 

\Q\ Jl JQ t \Q\ Je J{xeQ:\f(x)\>t-e} t 

c r w , , c r°° r . . , „ . <ft 



< 77=77 / M(f XQ )(x)dx + JH / |/XQ(y)|dy 

\Q\ JQ \Q\ JO J{x€Q:\f(x)\>t} 

-\Q\JQ M{fxQ){x)dx+ \Q\L l{xeQ: M Ux Q )(x)>t}\dt 



^w\L M [ fxQ){x)dx 

since M(f XQ ){x) < C^{Q) T >/ 2 M v>ri/2 (f)(x) for all x G Q. Thus, (4.3) is proved. 
Now let us turn to prove 

M Wl) M^ +1 /(x) < CM ilogLA y,, +1 /(4 (4.4) 

We first claim that 

M mv f(x) < CM LlogLAViV+1 f(x). (4.5) 
Indeed, it is sufficient to show that for any cube Q 3 x such that 

*(0)-"(* (QJIQI)^"- 1 / |/(y)|dy < * (Q)" 1 '- 1 ^ (g)|Q|^ /n ||/IUio g L,Q. 

That is, /q < ||/||LiogL,Q- This is clear from the definition of the mean 

Luxemburg norm. 

Now we prove (4.4). For any fixed x € M. n and any fixed cube Q 3 x, write 
/ = fi + h, where h = fxsQ- Thus, 

f(Q)-"(f(Q)|Q|)^- 1 / |M y , 7?+1 /(y)|dy<f(Q)-"(*(Q)|Q|)/ 3 /"- 1 / \M v ^ +1 h{y)\dy 

+-*{Q)-r>{^{Q)\Q\Y ln - 1 ! \M v , n+1 f 2 (y)\dy 

JQ 

:=/ + //. 
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For /, we know that for all g with supp g C Q (see [15]) 

jgj y M 9(y)dy < C||£r|| L iogL,Q. 
From this and note that My )I)+ i/(x) < Mf(x), we get 

I<C*(3Q)-i(*(3Q)\3Q\)V n - 1 / \Mh(y)\dy 

J3Q 

<C^(3Qr>-H^m^Q\f /n \\fhio g L, 3 Q 



< CMLlogL,(3,V,r)+l- 

Next let us estimate II. It is easy to see that for all y, z £ Q, we have 

(*(Q)\Q\f /n M v ,r !+ if2(y) < CM^ v f(z). (4.6) 
In fact, for any cube Q' 3 y and Q' f](R n \ 3Q) / 0, noticing that z £ Q C 3Q', we have 

Wwii lMy)l v - nm^rWi U lMy)ldv 

< CMpy„f(z). 

Hence, (4.6) holds. 

Using (4.5) and (4.6) and note that *(Q) > 1, we obtain 



II < C{^{Q)\Q\f/ n ~ 1 / \M VtV+1 f 2 (y)\dy 

< CIQI" 1 / mi Mpy tri f(z)dz 
Jo Z ^Q 



< CMpy tri f{x) < CM LlogL ^y v+1 f(x). 

Thus, (4.4) is proved. □ 

Lemma 4.2. Let 0<f3<n,0<rj<oo and My^f, Mpy^f be locally integrable. 
Then there is a constant C > independent of f and x such that 

M VjT]+1 M P y v f(x) < CMpy v M VjV f(x). 

Proof. For any fixed x £ M ra and any fixed cube Q 3 x, write / = /i + /b, where 
h = fX3Q- Thus, 



+q,(Qyn-i\Q\-i r \M p y v f 2 (y)\dy 

J Q 

:=! + II. 
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Similar to the estimates of II in Lemma 4.1, we have 

II < CMpyJ{x) < CMp, VtV Mv, v f{x). 
From page 881 in [6], we know that for any g with supp g C Q, 

I Mpf{y)dy < C\Qf/ n [ g(y)dy, (4.7) 

where Mpf{x) = snrj xeQ ^ Q ^L p/n J Q \f(y)dy. Obviously, Mpy v f(x) < Mpf{x). 
Hence, by (4.7), we obtain 



/<C*(3Q)-"- 1 |3Q|- 1 / \Mpy ir) h{y)\dy 

J3Q 

<C^(3Q)-"- 1 |3Q|- 1 / \Mph{y)\dy 

< (3Q)-^ 1 |3Q|^- 1 / \h(y)\dy 
<C^(3Q)-"- 1 |3Q|' 3 /"- 1 / \M v , v f(y)\dy 

J3Q 

< CM^M Vi ,/(i). 

This completes the proof. □ 
Definition 4.1. Given an increasing function ip, define the function h v by 

h v {s) = sup — — , < s < oo. 



t>o 



¥>(*)' 



Lemma 4.3. Ze£ 0</3<n ; l<?7< oo ; weif and = ilog(e + i),. T/ien 
i/iere exists a constant C > swc/i i/iai /or all t > 

<D ( W ({x G M n : M BAV>r ,f(x) > t})) < C [ $ (IZ^IT) /^( w ( x ))dx, 

where $(s) = s//ifi(s^/ n ) if s > 0, otherwise is zero. 
From page 4 in [4], we know that 

% n 

~ — J7- 

log(e + i«) 

The the function $ is invertible with 

$-\t) « [*log(e + *»]) n /( n -^, 

and 
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Proof. Define E t = {x G R n : M^^y^fix) > t}. For each x G E t , there exists a cube 
Q x 3 x such that 

The collection {QajjzeSt covers E t . Similar to the proof of Lemma 3.14 in [3], we can show 
that there exists a constant L > and a collection of disjoint dyadic cubes {Pj} such that 
E t C U 3Pj , and such that 

np^mp^m^wfWB^ >Lt. 

By the properties of the Luxemburg norm on Orlicz spaces and by definition 4.2, we have 

l -W\k B \ — mm — ) dx 

\SPj\ J Pj \M$Pj)i) 



< CM(*(3^)|3P,|)^") r B / |/(x), . r/; . 



^((^(3^)13^1)^) /■ 



$(^(3^)13^1)^. V t 
The growth conditions assumed on B imply that 

3 3 

Hence, if we combine the two inequalities above and apply Definition 4.2, we get 

- ^ ^{^(sPj^Pji) J Pj \ t J 

3 3 

<C ( B (\&\\ h${cj(x))dx. 

JM n V t ) 

Thus, Lemma 4.3 is proved. □ 

Lemma 4.4. Let b G BMO(p), < (3 < n and (l + 1) < V < oo. Let < 25 < 
e < 1, then 

Ml iV ([bJ fi ]f)(x)<C\\b\\ BMO0>) (M^(I p f)(^ a.e xef, (4.8) 

holds for any f G Cg°(R n ). 
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Proof. Observe that for any constant A 

lb, Ip\f{x) = (b(x) - X)Ifsf(x) - I p {{b - \)f){x). 

As above we fix x G M n and let x £ Q = Q(xq, r) (dyadic cube). Decompose / = /i + f'2, 
where f\ = f\B-> where Q = Q{x,&^fnr). Let A be a constant and Cq a constant to be 
fixed along the proof. 

To prove (4.8), we consider two cases about r, that is, r < p(a?o) and r > p(xq). 

Case 1. when r < p(xq). Since < S < 1, we then have 

±f \ \[b,I^f(y)\ s -\C Q \ s \dy) 1/5 

< (1^1 J My) - A)W(y) - W - A)/)( y ) - V 1 

1 IS 

<c(^j Q \{b{y)-X)I p f{y)\ & dy} 

+C (^/ Q ^ ((6 - A)/l)(y)l ^ y ) 1/5 



+C (1^1 / q - A)/ 2 )(y) - C |* dj/ 



1/5 



:=/ + // + 

To deal with /, we first fix A = bq, the average of b on Q. Then for any 1 < 7 < e/5, note 
that mj/(i) ~ my(xo) for any 16Q and ^(Q) ~ 1, by Proposition 4.1, we then obtain 



< 



c (l/, |1 «-y sy *) 1 ' ,i (si lwwl " i " 



(4.9) 



CUftllsMo^M^^/)^), 



where 1/7' + 1/7 = 1. 

For II, we recall that Ip is weak type (1, n/(n — /?)). Note that my(x) ~ mv(io) for 
any x £ Q and ^(Q) ~ 1, by Kolmogorov's inequality and Proposition 4.3, we then have 

C 

" ~ |Q|l-g/» l|J ' j( ''~''0 )/l|l L^ ~ 
< CM LXogL ^y^f(x). 
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Finally, for III we first fix the value of Cq by taking Cq = (Ip((b — &q)/2))Q) the average 
of Ip((b — bq)f2) on B. Let bQ k = bQ( Xo 2 k+i r y Then, by Lemmas 2.1 and 2.2, we have 

// < p J \H(b - b Q )h){y) - {Ip{{b - b Q )f 2 )) Q \ dy 

TtL I [ [ _\ k p(v,u)-kp(z,uj)\\{b(L:) -b Q )f{u)\dujdzdy 
\Q\ 2 JqJqJm"\q 

- !7fi2 / / / \kp(y,u)-kp(z,u)\\(b(u)-bQ)f(u)\dudzdy 

| VI JQ JQ J\xo-u)\>2r 



< 



< c 



- im-M / 2/ IM2/>w) - fc^^.wJIKftH - b Q )f(uj)\dujdzdy 

< ~ 2-^'(l + 2 fc r mv (xo))('"+ 1 ) e ("+ 2 ) 
" 'j^J (1 + 2^(3:0))' 

~ 2- efc (l + 2 fc rmy(a;o))^+ 2 ) e ( ? ' +1 ) 
+ (1 + 2 k rm v {x )) 1 

1 



I J (Jt- 



(l + 2fcrm y (Q fc )) 9(? ' +2) l^l 1 - /3/ri -/q* 
< ~ 2-^(1 + 2 t rm v fa)) (io+iyh+2) 
- (1 + 2^(10))' 

X (l + 2*rm v (Q fc )V(^)|Q fc |^/ 0fc " 
~ 2 -5 fc(! + 2 fc rmy(x )) ( ' 0+1)e{T ' +2) 



fc=i 



(l + 2 k rm v (x )) 1 



X (1 + 2*rm v (Q fc ))^)(*(Q fc )|Q fc |)i-^ " 

00 00 

< C, ^ Z- 5o Hb\\BMO {p) M LW yM)(x) + QII&l| B MO (/ ,)M^(/)(x) x: fc2~ fe *> 

k=l k=l 

< Ci\\b\\ BMO{p) M L i ogLt/3 y v (f)(x), 

(4.11) 

where I = (Iq + l)(rj + 2)0 and in last inequality we have used the fact that 

\b Q -b Qk \ <Ck®{Q k )\\b\\ BMO{p) , 

and 

M^ v (f){x) < M Llog WjT) (/)(x). 
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Case 2. When r > p{x$). Since < 26 < e < 1, so a = r]/5 and e/5 > 2, then 

I / 1 f s \i/S 

' \[b,Ip]f(y)\ s dy) 



*(Q) a \\Q\ Jq 



1 /l r \(b(y)-\)Ipf(y)-I fi ((b-\)f)(y)\ 5 dy) 1/S 



y/5 



+c 5SF(l5i/,lW- A >«<»>l'*) 



:= I + II + III. 

To deal with /, we first fix A = 6g, the average of b on Q. Then for any 2 < 7 < e/S, note 
that /o + 1 < ??j by Proposition 4.1, we then have 

1 / 1 f x , \ l/ir ' s) 

I<C——r(^ _\b(y)-b Q \ 5 ^ dy" 



*o>(Q) \\Q\ Jq 

^^m^(^^l\ W yr d y) mi) (4-12) 



< C||6|| BMO(p) M e A T; (/^)(x), 



where 1/7' + I/7 = 1. 

For II, we recall that Ip is weak type (l,n/(n — /?)). By Kolmogorov's inequality 
and Proposition 4.3, we then have 

C 1 

" £ *( < 3)»|Q|i-s/» l|/ ' )( '' " 

< CMl log L,/3,V,r)f( x ) ■ 

Finally, for III, let 6g fe = ^Q^^^r)- Then, by (1.2) and Lemma 2.1, we get that 

III < ^ f Q \Ip{{b-b Q )h){y)\dy 
C 



^\n\f f .\kp(y^)\\(b^)-b Q )f^)\dudy 
\Q\ Jq jR n \Q 



C_ 

\Q\ JQ J\x -u)\>2r 



LI, „ \kp(y,u)\\(b(u) -b Q )f{uj)\dwdy 



^ VT\ / E / t t |^(y,o;)||(6(a;)-6 )/(a;)|^ 

IVl JQ £^ 2 J2 k r<\x -iv\<2 k + 1 r 
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^ (1 + 2 k rm v {xo)y\Q k \ L Pl n jQ k 



k 

oo 



^ (l + 2 fc rmy(x )) (/o+1)(T ' +2)e 



fc=l 



(l + 2 k rm v (x )Y 



(l + 2 k rm v (Q k ))(n+W\Q k \^/n J Qk 
„ ^ (l + 2 k rm v (xo)) il " +1 ^ +2 ^ 
k=l 



(1 + 2 k rmy(xo)) 1 



- (l + 2 fc rmy(xo)) ; 

x (i + 2^ y (Q fe ))^IQ fc |^l " H " *fc |l/(w)|dw 

^ (1 + 2 fc rmy(x ))('°+ 1 )( ? ' +2 ) e 
+ (l + 2 k rm v (x )Y 

oo oo 
<C7|£2-**>||&|| BMO(p)^L log £,/?,¥,??(/) 0*0 + Ci\\b\\ BMO (p)Mpy^(f){x) £ ^2 kS " 
k=l k=l 

(/)(*), 

(4.14) 

where l = (l Q + 1)(t/ + 2)0 + 1. 

From (4.9)-(4.14), we get (4.8). Hence the proof is finished. □ 

Lemma 4.5. £e£ 6 G BMO(p), < /3 < n and < 7? < oo. Let w G if and 
A(i) = <&(<£(£)). T/ien i/iere exists a positive constant C such that for any smooth function 
f with compact support 

snp -r^rj-Mix € : | [/*&]/(*) > t}) 1 "^" 

< CA(\\b\\ BMO{p) ) snp -^^({^ G R n : M B ,p >v , v f(x) > t}) 1 ^. 

Using Theorems 2.1 and Lemmas 4.1, 4.2 and 4.4, adapting the same arguments in pages 
884-886 of [6]( or pages 21-23 of [5]), we can prove Lemma 4.5. Here we omit the details. 



Proof of Theorem 4-1- By Lemmas 4.1, 4.4 and Theorems 3.1, 3.2 and Corollary 
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2.1, we have 

H^^Hl^u*) < C\\M e y^{Ipf)\\ Lq ^ + ||M L i ogL)/9i ^(/)|| L9(aJ ^ 

< CII-^/IIl*^?) + II^/3,V,t//2-^V;»j/2/IIl9(u>«) 

< C||/IIlp(wP)i 

if taking 77 = 2(p' + g') (/ + 1). □ 
Proof of Theorem 4-2. By homogeneity, we need only to show that 
oj({x G R n : \[Ip,b]f(x)\ > 1}) < C^ 1 ( [ ^(\f{x)\)h„{u(x))dx\ . 

\JR n / 

Indeed, using Lemmas 4.3 and 4.5, adapting the same arguments pages 21-23 of [5], we 
can obtain 

m^t": \[Ip,b]f(x)\ > 1}) 

t>0 A(l/t) 

< CA(||6||bmo v ) ^p tt^K* e K n : M BAV:V f(x) > t}) 1 ^" 

< C^ 1 ( I $(\f(x)\)h*(u;(x))dx) , 

if taking n > Iq + 1. 

Thus, the proof is complete. 

We next consider a class Schrodinger type operators such as V(— A + V)^ 1 \7, 
V(-A + V)- 1 / 2 , (-A + V)- 1 / 2 ^ with V G B n , (-A + V)* with 7 G K and V G B n/2 , 
and V 2 (— A + F) -1 with V is a nonnegative polynomial. 

Theorem 4.3. Let T be operators above, b G BMO(p), 1 < p < 00 and tn G A?. 
Then there exists a constant C v > such that 

||[b,r]/|| iPM <C||6|| SM o( P )ll/IU,H- 

Proof. In order to prove Theorem 4.3, from Corollary 2.1, we need only to show that for 
< 25 < e < 1 and rj > Iq + 1, such that 

M^([&,I^)(z)<C||&|| BMOW ^ a.e z G M", (4.15) 

holds for any f(x) G Cg°(]R n ). □ 
Adapting the same argument of Lemma 4.4, and using (3.1) and (3.2), we can get 

(4.15). We omit the details here. 

The weighted weak-type endpoint estimate for the commutator of T is the following. 
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Theorem 4.4. Let b G BMO(p) and uj G A{. There exists a constant C > 
such that for any A > 

uj{{x G K n : |[6,T]/(x)| > A}) < C ^ (l + log+ (^)) w(a:)dx. 

The proof is similar to that of Theorem 4.1 (see also [15]), we omit the details here. 

Finally, we consider another class V G B q for n/2 < q for Riesz transforms associated 
to Schrodinger operators. Let T x = (-A + F) _1 V, T 2 = (-A + y)- 1 /^ 1 / 2 and T 3 = 
(-A + ^)-V2v. 

Theorem 4.5. Suppose V £ B q and q > n/2. Let b G BMO(p). Then 
(i) If q' < P < oo and uj G 

ll^rxi/n^^cubiiBAfowll/llLPH; 

If { 2 qY < P < oo anduj £ ^/( 2? y> 

<C\\b\\ BMO{p) \\f\\ 

(in) If p' < p < oo and uj G ^4p/ p / , where 1/po = 1/q— 1/n and n/2 < q < n, 

ll^r 3 ]/|| iPM <c||6|| BMO(p) ||/|U PH . 

The proof of Theorem 4.5 is similar that of Theorem 3.2, we omit the details here. 

Let T-f = V(-A + V)-\T^ = V^ 2 (-A + V)" 1 / 2 and T 3 * = V(-A + V)- 1 ' 2 . By 
duality we can easily get the following results. 

Corollary 4.1. Suppose V G B q and q > n/2. Let b G BMO(p). Then 
(i) Ifl<p<q and G A p pl/ql , 

II[&,2i]/IIlp( W )<c||6||bmo W II/IIlp( W ); 

(m,) If\<p<2q and uj~~ G -4p//( 2? y> 

II[6,22]/IIlp( W )<C||6||bmo W II/IIlp( w) ; 

fm) If 1 < p < po and uj ~ G Af^^ , where 1/po = 1/q — 1/n and n/2 < q < n, 

ll^^]/|| LPH <C||fe|| BMO(p) ||/|| iPM . 

We remark that in fact all results in this section also hold for BMOe 1 (p) and A^ 02 if 
0i ± 8 2 - 
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